The quantitative analysis of the electromagnetic spectra of isolated neutron stars by means of model atmosphere calculations requires extensive data sets of atomic energy values and transition probabilities in intense magnetic fields. We present a new method for the fast computation of wave functions, energies, and oscillator strengths of medium-Z atoms and ions at neutron star magnetic field strengths B 10 7 T which strikes a balance between numerical accuracy and computing times. We use a Hartree-Fock ansatz in which each single-electron orbital is expanded in terms of Landau states with one longitudinal expansion function, and each Landau level contributes with a different weight to the orbital. Both the longitudinal expansion functions and the Landau weights are determined in a doubly self-consistent way. Hartree-Fock equations are solved by decomposing the z axis in finite elements and expanding the longitudinal wave functions in terms of sixth-order B-splines. The contributions of the eight lowest Landau levels are taken into account. The procedure can be efficiently parallelized. Results are presented for the ground states and different excited states of atoms and ions for nuclear charges Z = 2, . . . , 26 and N = 2, . . . , 26 electrons, and for oscillator strengths. Wherever possible, a comparison with the results of previous calculations is made.
I. INTRODUCTION
The observation of the thermal emission spectra of isolated neutron stars with temperatures of a few 10 5 K, made possible by the launch of two X-ray satellites at the end of the nineties, the Chandra X-Ray Observatory by NASA and the XMM-Newton Observatory by ESA, and the subsequent discovery of features in the X-ray spectra of the neutron star 1E 1207 [1, 2] and three other isolated neutron stars [3] [4] [5] has given new impetus to studies of atoms and ions with medium-Z nuclear charge numbers in strong magnetic fields [6] [7] [8] . The reason is that the observed features could be due to atomic transitions in elements that are fusion products of the progenitor star, and thus constituents of the thin atmospheres that cover the neutron star surfaces. The elemental compositions of the atmospheres are presently not yet well known, and any element between H and Fe is feasible [7] . However, to calculate synthetic spectra for model atmospheres, and thus to be in a position to draw reliable conclusions from observed spectra to the elemental composition of the atmospheres and the distribution of elements on different ionization stages, accurate atomic data for these elements at very strong magnetic fields are indispensible.
Atomic structure is entirely rearranged in neutron star magnetic fields since the effects of the magnetic field become of the same order of or even larger than those of the Coulomb binding. In particular, the familiar shell structure of atoms is completely lost. While the atomic properties of hydrogen and partly also helium at such field strengths have been elucidated in great detail in the literature over the past 25 years, for elements with nuclear charge numbers Z > 2 atomic data with the accuracy required for the calculation of synthetic spectra are available to a much lesser extent (references to the methods used and results obtained can be found, e.g,. in [9] ). The challenge is to develop methods which allow one to calculate the energies (ground states and excited states) and oscillator strengths of medium-heavy atoms and ions up to iron (Z = 26) fast, routinely, and with sufficient accuracy.
In a parallel approach [9] we have tackled the problem from the side of diffusion quantum Monte Carlo (DQMC) simulations. The method has the advantage that ground state energies can be calculated practically free of approximations. The price to be paid, however, is computing times, even with parallelization, of up to a few hours for the heavy elements. Moreover, so far the DQMC method has been restricted to ground states.
In this paper we will pursue a different avenue, namely a Hartree-Fock approach. Our starting point is the expansion of the single-electron orbitals from which the Slater determinants are constructed in the complete basis of Landau states (Landau quantum numbers n ≥ 0), with z-dependent expansion functions for each Landau state (the magnetic field is assumed to point in the zdirection). The self-consistent calculation of all longitudinal expansion functions would lead to a computational effort which is comparable to that of the DQMC method, and thus would entail no progress as far as the routine production of atomic data with sufficient accuracy is concerned. The feature of our approach then is to introduce the approximation that the expansion functions for each definite orbital are identical, for all Landau levels, while each Landau level contributes with a different weight to the expansion of the single-electron orbital. This approximation is based on the observation made in calculations for the hydrogen atom in a strong magnetic field [10] that the z-dependent expansion functions belonging to excited Landau levels essentially follow the character of the expansion function of the lowest Landau level.
Both the z-dependent expansion functions of the individual orbitals and their Landau weights are determined self-consistently. Since the energy terms depend on all longitudinal wave functions and all Landau weights, in each iteration step the expansion functions determine the weights, and the weights the expansion functions. As usual the iteration is continued until convergence is achieved. The expansion of orbitals in terms of a sum of given orbitals with unknown weight coefficients is known in quantum chemistry as a Hartee-Fock-Roothaan ansatz (cf. [11, 12] ). Since we describe the longitudinal wave functions by B-spline interpolation on finite elements, we adopt for our new method the name Hartree-FockFinite-Element-Roothaan (HFFER) method.
Our method contains as a special case (inclusion of the lowest Landau level n = 0 only) the Hartree-Fock ansatz in "adiabatic approximation" [13] used in the literature before [14] [15] [16] [17] . Our method also is the self-consistent extension of the MCPH 3 (multi-configurational perturbative hybrid Hartree-Hartree-Fock) method introduced by Mori and Hailey [6] . In that method the exchange energy is taken into account only in first-order perturbation theory, in a basis of Hartree states obtained in adiabatic approximation, and the back-reaction of the excited Landau states, whose weights are taken into account perturbatively, on the effective interaction potentials is neglected. By contrast, our method includes both exchange terms and Landau weights in a fully self-consistent way.
In Sec. II we present in detail the constituent stages of our Hartree-Fock-Finite-Element-Roothaan method. Results are discussed in Sec. III and conclusions drawn in Sec. IV.
II. THE HFFER METHOD

A. Variational principle
Measuring energies in units of the Rydberg energy E Ryd , lengths in units of the Bohr radius a 0 , and the magnetic field strength in units of B 0 = 2α 2 m 2 e c 2 /(e ) ≈ 4.701 × 10 5 T, one can write the nonrelativistic Hamiltonian of an atom or ion with nuclear charge Z and N electrons in a uniform magnetic field aŝ
In (1), β = B/B 0 is the dimensionless magnetic field parameter. Since at neutron star magnetic field strengths the single-particle Coulomb excitation energies are much smaller than the spin flip energies, i.e, the cyclotron energy ω B (≥ 1 keV for B ≥ 10 7 T), we can restrict ourselves to electrons in spin-down states and ignore the spin quantum number in what follows. The reference magnetic field B 0 is characteristic of the switch-over from Coulomb to magnetic field dominance in the hydrogen atom. For nuclear charges Z > 1 the switch-over is shifted to the higher magnetic field strengths B Z = Z 2 B 0 ≈ Z 2 4.701 × 10 5 T. The physical meaning is that for B = B Z the Larmor radius a L = 2 /eB becomes equal to the effective Bohr radius a Z = a 0 /Z 2 , and the cyclotron energy is four times the effective Rydberg energy E Z = Z 2 E Ryd . The most general Hartree-Fock ansatz is to construct a Slater determinant
from single-electron orbitals which are expanded in the complete basis of Landau states,
, and to determine the longitudinal expansion functions self-consistently. Here we make the approximation that, for a given single-electron orbital, the expansion functions are identical for all Landau quantum numbers n, while every Landau level contributes with a different weight coefficient t in ,
For practical reasons the expansion has to be cut off at some maximum Landau quantum number N L . This approximation is motivated by the fact that in calculations in the Landau basis for the hydrogen atom in a strong magnetic field the overall character of the longitudinal expansion functions was found to be identical in all Landau levels (cf. Fig. 4 .3 in [10] ). Note that in terms of the Landau states the form (3) is a true multi-configurational approach. As already mentioned the adiabatic approximation [14] [15] [16] [17] is contained as a special case: The weights of all Landau levels are zero except for the lowest Landau level n = 0. The condition for the adiabatic approximation to be valid is β Z = B/B Z ≫ 1, which has the intuitive meaning that the magnetic field is strong enough that the "gyration" of the electrons in the plane perpendicular to the magnetic field in quantized Landau orbits is "fast" compared with the oscillating motion of the electrons in the direction of the field, which is caused by the Coulomb attraction of the positively charged nucleus or core. By contrast our method will also cover the range of magnetic field parameters β Z ∼ 1, where the adiabatic approximation breaks down. The self-consistent-field equations for determining the longitudinal wave functions P i (z) and the weights t in of all orbitals i are obtained in the usual way by inserting the Slater determinant (2) with the orbitals (3) into the variational principle for the total energy. They are solved iteratively in a doubly self-consistent manner. In every iteration step, first the Landau weights are kept fixed and the longitudinal wave functions are obtained by solving the Hartree-Fock equations. Then the longitudinal wave functions are kept fixed and new Landau weights are determined by solving the Hartree-FockRoothaan equations. The iteration can be initialized by adiabatic approximation wave functions, i.e., with weight vectors t i = (1, 0, 0, . . . ), and simple forms for P i (z). We next describe the two procedures in more detail.
B. Hartree-Fock finite element (HFFE) procedure
In this step of the iteration all Landau weight coefficients are fixed, t in = const, and the total energy is minimized with respect to the expansion functions. This yields the following system of Hartree-Fock equations for the longitudinal orbitals P i (z)
They manifestly depend on the Landau weights t in . Specifically,
is the average single-particle Landau energy,
is the average single-particle potential, built from the effective Landau-Landau potentials
and the direct and exchange potentials in (4) are given by
and the effective two-particle Landau-Landau direct and exchange potentials (13) respectively. The calculation of the potentials (6), (12), (13) is explained in the Appendix.
To solve the equations (4) we use finite elements and Bspline interpolation. The z-axis is divided into M finite elements with quadratically widening element borders,
The quadratic widening accounts for the fact that the wave functions are richer in structure closer to the nucleus than further away from it. The longitudinal part of each single-particle orbital
is expanded in terms of B-splines of order k,
They are polynomials of degree k − 1 and represent a decomposition of the unity on the interpolation interval (cf. [18, 19] ). The advantage of using B-splines, as opposed to Lagrange or Hermite interpolation, lies in their global definition on the interval [0, z max ]. For illustration Fig. 1 shows an example of a complete quadratic (k = 3) B-spline basis set for quadratically widening element borders. The outer edges of the interpolation interval have to be considered as k multiple nodes to guarantee the (k − 2) times continuous differentiability over the interpolation interval. The sequence of nodes defined by (14) does not belong to the class of quasi-uniform grids, which have proved advantageous in calculations using finite-difference approximations for differentiation operators (see, e.g., [20] [21] [22] ). This circumstance, however, does not affect adversely the present finite-element calculations using B-splines, which can be differentiated analytically, and therefore no discretization of differentiation operators is required.
The task of finding self-consistent solutions of the Hartree-Fock equations (4) is now reduced to determining the expansion coefficients α
for the N single-electron orbitals P i (z). Expressing the total energy as as a realvalued function of all expansion coefficients and minimizing with respect to the expansion coefficients leads to the system of inhomogeneous linear equations
with the matrices
and the vectors
The functions c i (z) and h i (z) are defined in the HartreeFock equations (4).
In our calculations, we use sixth-order B-splines and typically 15-20 finite elements. The maximum integration radius z max is chosen such that all longitudinal wave functions have decayed exponentially (z max ∼ 2 − 30 atomic units). 
C. Hartree-Fock-Roothaan (HFR) procedure
In the Hartree-Fock-Roothaan step all longitudinal wave functions are kept fixed and new Landau weight coefficients are determined by minimizing the energy functional with respect to the coefficients. This leads to the Hartree-Fock-Roothaan equations
where the matrices F i are composed of five contributions,
The five terms represent, in this order, the Landau energy, the kinetic energy of the longitudinal motion, the effective potential of the nucleus and the direct and the exchange potentials,
Since the matrices depend on the Landau weights, the equations (18) have to be solved iteratively, using the weights of the previous step for constructing the matrices to determine new Landau weights, until convergence is achieved. The converged Landau weights then enter into the next Hartree-Fock-Finite-Element stage of the calculation. The convergence criterion in both the HFR and the HFFE stage is that the absolute energy values between two successive iteration steps differ by less than 1.0 × 10 −5 keV. A schematic flow chart of the complete Hartree-FockFinite-Element-Roothaan procedure is shown in Fig. 2 .
D. Choice of initial wave functions
The calculation is initialized by setting all Landau weights to t i = (1, 0, 0, . . . ), and distributing the electrons on magnetic sublevels according to the level scheme of the hydrogen atom in intense magnetic fields. As simple initial longitudinal wave functions we choose the approximate wave functions of the hydrogen atom in a strong magnetic field suggested by Canuto and Kelly [23] . They have the advantage that they can be expressed in analytical form. According to the level scheme one has to distinguish between "tightly bound" and "hydrogen-like" states.
Tightly bound states
For tightly bound states, with number of nodes ν = 0, and magnetic quantum numbers m ≤ 0, Gaussian type orbitals
are adopted whose widths λ m are gained by minimizing the expectation value of the Hamiltonian of the hydrogen atom in a magnetic field. This leads to the transcendental
with A 0 : = 0 and
which in the code is solved numerically using the Brent method [24] . The magnetic field dependence is contained in the Larmor radius a L = a 0 / √ β.
Hydrogen-like states
The effective potentials V |m| (z)
The width parameters d m and the parameter α m follow from the condition that the expectation values of the exact Coulomb potential and the truncated Coulomb potential conincide. For excited states with negative z parity (odd number of nodes ν = 2p − 1) this leads to [23] 
while for excited states with positive z parity (even number of nodes ν = 2p) one has
with p = 1, 2, . . . , is contained in the Larmor radius. The Whittaker functions are represented numerically by confluent hypergeometric functions U (a, b, x) which are evaluated in the code using the algorithm of [25] .
The only free parameter a 0 determines the extension of the initial wave functions. For tightly bound states a 0 = 1/Z turned out to be a good choice. In many cases even and odd initial wave functions with a 0 = 1 yield converging results. In other cases values a 0 < 1 must be varied separately for even and odd states to achieve convergence.
III. RESULTS AND DISCUSSION
To speed up the calculations both the HartreeFock-Finite-Element procedure and the Hartree-FockRoothaan procedure were parallelized using the MPI (message passing interface) library . Typically each MPI process deals with one electron. For 26 MPI processes this results in a run time of less than 500 seconds for the ground state of iron at B = 5×10 8 T. The parallelization efficiency was about 80 per cent. Our calculations were performed on the cacau cluster of the High Performance Computing Center Stuttgart (HLRS), where we used up to 13 double-processor nodes (3.2 GHz, 1 GByte RAM per node).
A typical example for the convergence behavior of the HFFER procedure with increasing number N L of Landau channels is shown in Fig. 3 for the ground state of neu- tral iron at a magnetic field strength of 5 × 10 8 T. This corresponds to a magnetic field parameter of β Z ≈ 1.57 for which the adiabatic approximation should be poor. Indeed it can be seen that the energy value in adiabatic aprroximation (N L = 0) is already considerably lowered if only one more Landau level is taken into account. With increasing number of Landau channels the energy runs into a regime of saturation at E ≈ 108.0 keV. For comparison, Fig. 3 contains the result of a recent highly accurate DQMC calculation [9] . Compared with the adiabatic approximation energy value the HFFER procedure reduces the error with respect to the DQMC result by a factor of three (reduction to 1/3 of the original error). The remaining deviation from the correct energy value is less than 1 per cent, and a consequence of our approximation (3).
For the ground state of silicon at B = 1.0 × 10 8 T (β Z ≈ 1.1) Table I lists converged single-particle energy values of the HFFER procedure and the Landau weights for the two lowest and the highest Landau channel considered in our calculations. The adiabatic approximation result E = −18616 eV is improved to E = −19176 eV by taking 8 Landau channels into account. It can be recognized from the single-particle energies that it is the innermost electrons which contribute to the lowering of the energy because they possess a relatively large first Landau weight coefficient t 1 . The corrections stemming from the higher Landau quantum numbers are seen to be small. For the 4 innermost electrons (magnetic quantum numbers m = 0, −1, −2, −3) Fig. 4 shows a comparison between the longitudinal wave functions obtained in adiabatic approximation, and with 8 Landau channels. It is evident that the energy lowering follows from the increase of the wave function amplitude in the vicinity of the nucleus. Table II lists the ground state energies of the neutral atoms from helium to silicon at 5×10 7 T (corresponding to the magnetic field parameter range β Z=2 = 26.6 to β Z=14 = 0.543). The numbers in brackets designate the number of electrons occupying an excited hydrogen-like single-particle longitudinal state. The improvement on the energy values in the adiabatic approximation is evident, in particular for higher Z, where the β Z values become of the order of unity. As reference values the results of the diffusion quantum Monte Carlo calculation (DQMC) [9] are listed. The DQMC values are presently the most accurate energy values available, since their calculation practically involves no restricting approximations. Compared with these values the absolute error of the adiabatic approximation energies shrinks by roughly one third for helium, and by two thirds for silicon (the relative deviation is 1.1 per cent for helium and 2.1 per cent for silicon). Deviations of this order as compared with the DQMC results have been found typical of the HFFER results with N L = 7.
For comparison Table II also contains literature values obtained by Ivanov and Schmelcher [26] using a two-dimensional Hartree-Fock method (2DHF), by Mori and Hailey [6] (MCPH 3 , multi-configurational perturbative hybrid Hartree-Hartree-Fock), and the results of an older 1DHF (one-dimensional Hartree-Fock) calculation [15] . The 1DHF results should conincide with the energies calculated in adiabatic approximation (N L = 0) but are clearly seen to lie above them. This suggests that the old 1DHF results were numerically flawed. While the 2DHF method is an ab-initio method, the MCPH 3 method is not, since it evaluates the exchange energy in first-order perturbation theory in a basis of Hartree states obtained in adiabatic approximation, and it does not include the back-reaction of the excited Landau states, whose weights are taken into account perturbatively, on the effective interaction potentials. Therefore the method need not necessarily produce an upper bound on the energy. This may explain why for large nuclear charges the MCPH 3 results also fall below the accurate DMQC values (Z = 12 − 14 in Table II) .
This behavior is even more conspicuous in Table III where the ground state energies of the neutral atoms from helium up to iron are given for the magnetic field strength of 1×10
8 T (corresponding to the range from β Z=2 = 53.2 to β Z=26 = 0.315). Compared with the DQMC value for the ground state energy of iron the HFFER method reduces the relative deviation of the adiabatic calculation from 7.2 per cent to 2.0 per cent.
The ground state energies for helium up to iron at B = 5 × 10 8 T are given in Table IV (range from β Z=2 = 266 to β Z=26 = 1.57). Here the HFFER method reduces the error for iron from 2.7 per cent (adiabatic) to 1.0 per cent (nonadiabatic).
Compared with the DQMC method the HFFER method has two essential advantages. Firstly it includes both the calculation of energies and wave functions and thus allows for the calculation of electromagnetic transition rates. Secondly the computing times required are considerably shorter. For the ground state of neutral iron at B = 5 × 10 8 T (example of Fig. 3 ) the parallelized execution of the DQMC method on a 26 processor cluster takes 8.6 hours, while the parallelized HFFER code with 8 Landau channnels on the same cluster only runs 463 seconds. This is 67 times faster than the DQMC run, and only by a factor of 5.4 longer than the run time of the simple adiabatic calculation of 85 seconds. This clearly demonstrates that the HFFER method is optimally adapted to the fast and routine calculation of atomic data with sufficient numerical accuracy in neutron star magnetic fields.
We now proceed to results for oscillator strengths of electromagnetic transitions. As an example Table V shows the oscillator strengths for transitions between the carbon ground state and an excited state in which one electron is raised from a nodeless to a one-node orbital. Three magnetic field strengths for which comparison values exist in the literature are considered, corresponding to values of the magnetic field parameter β = 200, 500, 1000 (β Z=6 = 5.6, 13.9, 27.8). Results are shown for N L = 7 and for the adiabatic approximation, and compared with the values given by Mori and Hailey [6] (MCPH 3 ). It must be noted that the latter values were corrected by the authors on account of the not highly accurate longitudinal Hartree wave functions by an auxiliary factor. It can be seen that the oscillator strengths are comparable in magnitude but deviations Oscillator strengths are found to be very large when in the ground state none of the electrons occupies a onenode orbital (N = 5 − 11). If in the ground state configuration electrons occupy orbitals with one node the oscillator strengths are generally much smaller because of less overlap between the two states. The relative corrections of the oscillator strengths in adiabatic approximation by the HFFER results are large in particular for transitions with small oscillator strengths (up to ∼ 50 per cent for the entries with N ≥ 20), while for large oscillator strengths the adiabatic calculation yields a good approximation. This may be due to the fact that the errors in the energy values cancel when the the difference of the energy values is taken.
IV. CONCLUSIONS
In this paper we have introduced the Hartee-FockFinite-Element-Roothaan method. We have demonstrated that it is a powerful tool with which the energies TABLE VI: Iron ions with 5 ≤ N ≤ 25 electrons: ground state energies E in keV, energies of excited states E * in keV, and oscillator strengths f at B = 5.0 · 10 8 T. In the excited states the electron with the highest |m| is raised to a ν = 1 orbital, the others occupy a nodeless orbital. For the ground states, the number of electrons in one-node orbitals is added in brackets. HFFER (NL = 7) values are compared with the corresponding adiabatic (NL = 0) results. The last column contains the ground state energies computed by diffusion quantum Monte Carlo [9] . and wave functions of ground states and excited states of many-electron atoms and ions in neutron star magnetic field strengths can be calculated. It also allows the calculation of oscillator strengths of bound-bound transitions between the states.
We have not considered relativistic effects, which are expected to be on the order of (Zα) 2 , and the effects of the finite nucleus mass. These effects are small compared with the observational uncertainties of spectral features and the smearing of spectral lines by the variation of the magnetic field across the neutron star's atmosphere.
The method is the first which systematically takes into account the influence of higher Landau channels on both energy values and oscillator strengths, and is superior to previous calculations using the adiabatic approximation or variants of it, at only a moderately higher computational expense. The method strikes a balance between numerical accuracy and computing times. It is therefore well adapted to routine computatons of the atomic data required by astronomers for their calculations of synthetic spectra of model atmospheres of magnetized neutron stars.
Calculations of extensive tables of atomic data in neutron star magentic fields using the HFFER method presented in this paper are under way. 
